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We introduce VAMANA, that models the binary black-hole population using a
mixture model and facilitates excellent fitting of the model with the data. Flexibility
of our modeler results in smaller uncertainties on the posterior distributions and the
estimated merger rates allowing extraction of features in the population that may not
be visible in parametric methods that model the population using phenomenological
models. We present the mass and the spin distribution modeled on the binary black-
hole mergers observed during LIGO’s and Virgo’s first and second observation runs
and estimate the binary black-hole merger rate to be 26.6+18.2−13.8 Gpc
−3yr−1.
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2I. INTRODUCTION
The tentative tally on the number of observed binary black-hole mergers currently stands
at around fifty [1], thus allowing a more precise measurement of the properties of the merging
binary black-hole population. Often we are interested in properties, such as, the mass and
the spin distribution of these binaries and the estimation of their merger rate. Currently
only data until the end of the second observation run is publicly available when there were
ten confirmed observations [2]. The publication following the conclusion of the second ob-
servation run by the LIGO and Virgo collaborations suggests a binary black-hole population
with i) a mass-distribution that is approximately a power-law ii) a spin-distribution that
favours small spin magnitudes iii) maximum black-hole mass that extends up to 50 solar
masses, and iv) the merger-rate estimated to be 53.2+58.5−28.8 Gpc
−3yr−1 [3]. Multiple follow-ups
on these observations drew similar conclusions [4, 5].
Due to limited number of observations, results have large uncertainties amounting up
to two orders of magnitude, but, uncertainties are expected to reduce as the catalogue of
observations grows in number. However, some of the factors contributing to this uncertainty
may not be completely mitigated by only increasing the catalog size. This is primarily
because the canonical parameters, that includes the component masses, spins, and red-shift
do not directly affect the phase and amplitude evolution of the gravitational wave (GW).
GWs provide information on those parameters that directly impact the phase evolution. For
most of the observation the phase evolution of GWs is dominated by the chirp-mass (M)
and an effective-spin term (χeff). These are defined as
M =
(m1m2)
(3/6)
(m1 +m2)(1/5)
χeff =
s1z + q s2z
1 + q
, (1)
where q ≡ m2/m1 is the mass ratio corresponding to the component masses of the binary
m1 and m1, and s1z and s2z are the component of the spins aligned with the orbital angular
momentum [6–12]. Similarly, the amplitude is directly affected by a combination of the
red-shift and the inclination angle [13]. Moreover, chirp-mass is completely degenerate with
the red-shift. Thus, there occurs a large uncertainty in the measurement of the masses
and the spin. Considering the magnitude of these uncertainties it is imperative that the
right parameters are used to reconstruct the populations properties. The simplest choice
3we advocate is to use chirp-mass and mass-ratio as the population properties instead of the
component masses.
Yet another source of uncertainty is introduced by the methodology used in reconstructing
the population properties. If the methodology does not model the population properly
one can not expect the uncertainty to reduce as expected. Multiple methods have been
developed to model the population properties of the binary black-holes [3, 4, 14–23]. Often
these methods assume a phenomenological shape for modeling the distribution of a property.
For example, power-law distribution has been often used in modeling the component or the
chirp-mass distribution [3, 5, 14–16]. However, a mis-match between the data and the
parametric model can result in biased posterior and larger than expected uncertainties [24].
An alternative approach is to perform a model-independent fitting like described in [25, 26],
however, a correct inference on masses is possible only after the inclusion of spins in the
analysis as was shown in [27]
In this article we describe a mixture model for modeling the population. We model the
chirp-mass and the spin distribution as sum of weighted Gaussians. Modeling a chirp-mass
distribution which possibly is multi-modal due to contribution from various binary black-hole
formation channels as a mixture of many uni-modal Gaussian distributions makes intuitive
sense. On the other hand if we expect the spins to be small, the spin distribution will be
convex and can be effectively expressed as a sum of weighted Gaussians. Moreover, any
smooth function can be expressed as a sum of sufficiently large number of Gaussians [28].
Finally, we model the mass-ratio as a power-law distribution. We create a grid of Gaussians
and power-law distributions that allows the reconstruction of the mass-ratio and the spin
distribution as a function of the chirp-mass. We further discuss the method in section II
and present results for modeling performed on the publicly available data in section III.
II. METHOD
The methodology to model population properties of merging compact binaries has been
discussed in multiple publications [27, 29, 30]. Following [27], the posterior on model hyper-
parameters are given by equation 2,
p(λ|{d}) =
Nobs∏
i=1
∫
dθ p(di|θ) p(θ|λ)∫
dθ pdet(θ) p(θ|λ) , (2)
4where d ≡ {d0, · · · ,dNobs} is the set of observations, λ is the population model, θ are the
parameters of the signal and pdet(θ) encodes the probability of an event with parameters θ
to be observed with confidence. In practice equation 2 is estimated using discrete samples.
Parameter Estimation (PE) analysis samples p(di|θ) for a population model p(θ|λPE) [31],
and large scale injection campaign are performed to estimate the sensitivity of the detector
network for a population model p(θ|λinj) [14]. Both the numerator and the denominator are
then calculated for a target population p(θ|λ) using importance sampling [29, 32]. We note
that the denominator in equation 3, V (λ) ≡ ∫ dθ pdet(θ) p(θ|λ), is termed the sensitive
volume for the population λ[32].
The parameters of the signal are broadly categorised as a) intrinsic parameter: that are
directly responsible for the orbital evolution of the binary, such as, masses, spins, tidal
parameters, eccentricity, periastron distance, etc., and b) extrinsic parameters: that are
observer dependent, such as, luminosity distance, inclination of the binary from the line of
sight, sky location, coalescence phase of the GW signal and coalescence time of the GW
signal. Masses, spins and red-shift are parameters of primary interest for binary black-
hole population. Usually component masses are chosen as population parameters, but as
the chirp mass is measured more accurately, we chose chirp-mass and mass-ratio as the
population parameters. There are six spin-components and they can be parameterised in
terms of spin-magnitude and tilt-angle [3]. But, as the observations made so far do not show
evidence of precession and show evidence for the effective spin χeff to be low in magnitude, we
choose component of the spins aligned with the orbital angular momentum as the population
parameter. Additionally, we assume the same distribution for both the spins. Thus we chose
to model the intrinsic parameters using distributions totalling three which we expect is equal
to the maximum number of parameters that drive the phase evolution of the binary and
are thus measured accurately for majority of the signals. We abate the degeneracy in the
masses and spins [27] by only allowing population models that can produce a small value of
χeff due to small value of s1z and s2z and thus disallow population models that can produce
a small value of χeff by a large positive value of s1z and a large negative value of s2z or
vice-versa. Currently, we do not model the evolution of the merger rate with red-shift and
fix it to uniform in co-moving volume.
The posterior on the hyper-parameters are obtained by using Metropolis-Hastings sam-
pling [33]. Proposals of hyper-parameters are made and acceptance probability is calculated
5using proposal distribution and the full joint density L.
A. Modeling Using Gaussians
Gaussian mixtures are often used in classifying or modeling the probability density of the
observed data. Gaussian mixture can also approximate a function with the parameters of
the components calculated using expectation-maximisation [34, 35]. In a Bayesian setting
likelihood is expressed as a sum of mixtures with an assumed prior distribution of the mixture
parameters [36]. The number of components in the mixture can be fixed with the number of
components chosen based on the goodness of fit and the complexity of the mixture [37, 38]
or can be flexible as informed by the data [39].
In this analysis we model the population using a mixture of units. To effectively cap-
ture the variation of the mass-ratio and the aligned spin component each unit comprises
of a Gaussian to model the the chirp mass, another Gaussian to model the aligned spin
components and a power-law to model the mass ratio distribution. Equation 3 describes
the likelihood used in modeling the population. The parameters used in this likelihood are
described in table I,
p(θ|λ) ≡L(M, q, s1z, s2z) =
N∑
i=1
wi φ(M|µMi , σMi ) φ(s1z, s2z|µszi , σszi ) P(αqi , qmini ). (3)
The chirp mass distribution is high in dynamic range for the binary black-holes, roughly
following a power-law distribution from low-mass of around five solar mass to high-mass of
around fifty or more solar mass [3]. We model the chirp-mass distribution using Gaussians.
Both the mass-ratio and the aligned-spin distribution are low in dynamic range with most
of the observations suggesting small spins and mass-ratio close to unity [3, 27, 40–42]. We
model the aligned-spin component using Gaussians. The mass-ratio distribution is bounded
between 0 and 1 and natural choice could be power-law distribution or beta-distribution. We
chose power-law distribution as it is supported by the theoretical predictions as well as GW
observations [27, 40, 41]. It is important to notice that the functions chosen to model the
mass-ratio and spin-distribution inevitable impact the modeling of the component masses.
6N Number of components in the mixture s2z Second aligned spin component
wi Mixing weights µ
sz
i
Mean of the Gaussians modeling the
aligned spin distribution.
φ Normal distribution σszi Standard deviation on the Gaussian
M Chirp Mass P Powerlaw to model the mass-ratio
µMi
Mean of Gaussianss arraying the chirp
mass
αqi Slope of the power-law
σMi
Standard deviation of Gaussians arraying
the chirp mass
qmini
Minimum value of the mass-ratio (maxi-
mum is one)
s1z First aligned spin component L Likelihood
TABLE I. Description of symbols and parameters used in describing the likelihood.
Likelihood in equation 3 is extended to include the merger rate by including the Poisson
term
p(µ) =
µ−Nobse−µ
Nobs!
, (4)
where µ = R V (λ), where R is the merger rate.
B. Constraints
The analysis is subjected to statistical errors due to the use of limited number of injections
in calculating the sensitive-volume [32] and while sensitive volume may account for the
selection bias when modeling population using broad-band functions a mis-match is bound
to happen when modeling is performed using multiple Gaussians. This is because while the
numerator in equation 2 is measured for small stretches of data on which the observations
were made, the denominator is estimated on the full available data. The astrophysical
chirp-mass distribution is high in dynamic range with density expected to decrease with
more than two orders of magnitude over the chirp mass range of [5M, 50 M]. With
limited number of observations there are multiple local maximas in the observed chirp-mass
distribution. A Gaussian that has converged to a local maxima may blow up the likelihood
because for this particular Gaussian there occurs a mis-match between the numerator and
denominator of equation 2. The proposed populations in VAMANA is a combinations of
7Gaussian with no constraints on their scale or location and thus is subjected to blow-ups. We
impose two constraints to regularise the analysis, a) The Gaussians modeling the chirp-mass
distribution are not allowed σMi smaller than 0.02 µ
M
i . This condition prohibits Gaussians
to acquire vanishingly small scales. Additionally, we chose a minimum chirp-mass value
and only Gaussian that have cumulative density of 0.1% or less at this value are allowed
in the proposed population. We choose the smallest PE sample for the chirp-mass as this
minimum value. b) To help with better observing features and trends we introduce broad-
band smoothing by using a reference population. We iteratively change the hyper-parameters
of a phenomenological model that uses,
• broken power-law with five breaks to model the chirp-mass distribution,
• a truncated Gaussian with boundaries at smaxz = ±0.99 to model the spin distribution,
• and a power-law distribution with boundaries at 0.1 and 1 to model the mass-ratio
distribution,
and identify the maximum likelihood fit as the reference population. The reference popula-
tion serves two purpose i) it is used to make proposals for VAMANA’s hyper-parameters in
the Bayesian analysis, and 2) it provides broad-band smoothing of the chirp-mass distribu-
tion.
In 5 we define a distance measure for the proposed chirp-mass distribution,
Lp =
∫
(p(M|λproposed)− p(M|λreference))p dM, (5)
the Euclidean distance-squared between the proposed chirp-mass distribution and the ref-
erence population’s chirp-mass distribution. Broadband smoothing is provided by only ac-
cepting proposals that have a smaller L2 than a pre-chosen threshold L
thr
2 . The choice on
Lthr2 determines how close the proposals have to lie with respect to the reference population.
For a small value of Lthr2 all the proposals will reside close to the reference proposal. One
may be tempted to use a large Lthr2 value that allows more freedom, but with limited number
of observations at hand, it will imply letting Gaussian’s converge to local maximas and loss
of smoothness in the fit. Unlike a phenomenological function that gets modified throughout
the chirp-mass range we explore all distributions – expressible as sum of weighted Gaussians
– that are within a chosen Euclidean distance-squared from the reference population.
8An optimum smoothing threshold Lthr2 can be chosen by a bandwidth selection method
operating under some rule-of-thumb. For now, we choose Lthr2 = 2. This choice allows
power-laws (p(M) ∝ m−α) with exponent α in the range [0.5, 4.5] to have a L2 value less
than Lthr2 with reference to a power-law with α = 2.0.
C. Priors and Proposals
To efficiently sample the posterior we make proposals for the location of Gaussians and
qmini using the chirp mass, spin and mass-ratio distribution of the reference population.
Proposals are normally distributed around the current location. The scale of the proposing
Gaussian is sensitive to the change in the probability density at the current location i.e if the
density is changing sharply the proposing Gaussian will have a small scale and if the density
gradient is shallow the proposing Gaussian will have a larger scale. We use the following
prescription to make a proposal around a current location x, where x is either location of
the Gaussians modeling the chirp-mass, the Gaussians modeling the spins or qmini ,
xproposed =N(x, s)
s = U(smin, smax),
smin = F
−1(maximum(0,F(x)− δF)),
smax = F
−1(minimum(1,F(x) + δF)), (6)
where U is the uniform distribution, F is the cumulative density function and F−1 is the
inverse distribution function of the chirp-mass, spin, or the mass-ratio distribution of the
reference population. Choice of δF impacts s directly.
The scales of the Gaussians modeling chirp-mass and spin distributions are proposed
using the χ2 distribution. To avoid Gaussian getting stuck in local maxima each proposal is
made using a different value of the degrees of freedom (dof) with these values drawn from a
half-t distribution. A large value of dof makes proposal closer to the current value of the scale
while a small value of dof makes proposal farther from the current value of the scale. The
power-law slope, αqi , and rate are proposed by drawing from a normal distribution around
the current values. The scale of these Gaussians is pre-fixed. We use Dirichlet distribution
to make proposal for the mixing weights with a fixed dof.
9Most of the hyper-parameters follow a uniform prior with the merger rate given a uniform-
in-log prior and all mixing weights set equal to 1/N at the start of the analysis. The priors
have negligible contribution to the posterior because of the dominating likelihood and the
prior on the merger rate is scale-invariant and does not contribute to the posterior [43].
III. RESULTS
In this section we discuss the results obtained for the observations made during LIGO’s
and Virgo’s first and second observation run [44]. We only select the events with a false
alarm rate of at most once in ten years in PyCBC or GstLAL search analysis [45, 46],
thus excluding GW170729 among the reported binary black-holes. We use 8 Gaussians
and set L2 = 2. As the Gaussians are weighted it is the upper bound on the number of
active Gaussians. This seems a reasonable choice as the observed chirp-mass distribution
presents itself with three distinct peaks. Sensitive volume is estimated on the recovered
injections that follow a power-law distributions in chirp-mass and mass-ratio, and uniform
distribution in aligned spin components. Injections are distributed uniformly in extrinsic
parameters, except the red-shift, for which they are distributed uniform-in-comoving volume.
The recovered injection are defined as the ones that cross a network signal-to-noise ratio of
9.0 on the given power spectral density (PSD). We interpolate, across time, the PSDs
associated with the observations i.e at a given time the PSD is estimated as a linear sum
of the PSD associated with the observation made immediately prior to this time and PSD
associated with the observation made immediately after this time.
Figure 1 plots the mean of the posterior distribution of the chirp-mass and the reference
population’s chirp-mass distribution. Figure 2 shows the reconstructed chirp mass distribu-
tion. GW151226 has a chirp mass of around 15M with two low mass events on its left and
six high mass events on the right. Figure 3 plots the mass distribution and is easier to relate
to than the chirp mass distribution. It has features similar to the chirp mass distribution.
The merger rate of the binaries is significantly correlated with their masses. Although mod-
els incorporating power-law distribution with or without a Gaussian have been employed
to model the mass distribution [3], figure 3 reveals additional features in the distribution.
The lowest one percent of the posterior mass distribution has a 90% confidence interval of
[5.5, 7.7] M and the highest one percent have a 90% confidence interval of [44.0 61.4] M.
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FIG. 1. This figure compares the mean of the reconstructed chirp-mass distribution with the
chirp-mass distribution of the reference population. Only proposals with L2 < L
thr
2 are allowed.
We choose Lthr2 = 2.
FIG. 2. The posterior on the reconstructed chirp mass distribution. The salmon band is the 90%
confidence interval and the curve is the mean value. The dotted black line is obtained by stacking
chirp mass distributions for the nine observed events provided from the parameter estimation
analysis [31]. This plot portrays the flexibility of this method in fitting through data.
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FIG. 3. The posterior on the component masses of the binary (m). The salmon band is the 90%
confidence interval and the salmon curve is the mean value. The blue curve is the mean value
for uniform-in-log prior on the locations of the Gaussians modeling the chirp-mass distributions.
Moreover, the presented analysis used L2 = 2 while the blue curve corresponds to L2 = 1.5
suggesting that the analysis is robust against the choice of priors and a wide range of L2 values.
Compared to mass-spectrum presented in the figure 1 of [3] this plot shows more features. The
sharp decrease in density also occurs at a different mass range (13 M compared to 18 M.)
These reconstructions are limited by the number of observations but we expect to see a sig-
nificant improvement with the inclusions of observations made during the third observation
run [1]. Figure 4 plots the mass-ratio and aligned-component spin distributions. As already
reported by multiple publications all the observation favour a mass-ratio of closer to unity.
Reconstruction suggests that the formation channels for black-holes prefer producing equal
mass binaries with the fractional contribution declining rapidly for lower mass-ratios. The
measured spins on all the observations is also small. The only exception being GW151226
which has moderate spin magnitude. Our modeling allows modeling of spins as dependent
on the masses. Figure 5 shows the variation of the effective-spin with the total mass of the
binary. With the exception of GW151226 the spins are consistent with very small magni-
tudes and do not vary with the total mass of the binary black-holes. As has already been
reported in multiple publications, this is in contrast to the black-hole spins measured in
x-ray binaries and expected spin imparted to the remnant after a merger (that can further
merge with other black holes). Finally figure 6 plots the posterior on the merger rate, the
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FIG. 4. The posterior on the mass-ratio (q) and aligned spin component (sz). The salmon band is
the 90% confidence interval and the curve is the mean value. These distributions evidently favour
closer to unity mass-ratios and small magnitude for the spin-components aligned with the orbital
angular momentum.
90% confidence interval of which is [12.8 - 44.8] Gpc−3yr−1. In contrast the merger rate
estimated using various models and reported in LVC’s official publication is approximately
[25.0, 110.0] Gpc−3yr−1 [3]. The relatively larger confidence interval is mostly because the
observed masses are being modeled by phenomenological shape with the component masses
as the population property. Moreover, due to limited number of observations the priors on
model hyper-parameters significantly affect the posteriors.
IV. CONCLUSION
In this article we introduced VAMANA, a flexible scheme to model the properties of bi-
nary black holes population using a mixture model. We implement a broad-band smoothing
using a reference population that facilitates extraction of intricate features in the popula-
tion. We achieve excellent fit with the data and estimate more constrained posterior on the
masses, spins and merger rate distribution compared to parametric analysis reconstructing
population using phenomenological models. This method can be extended to include binary
neutron star and neutron star-black hole binaries, but, including low mass compact binaries
will further increase the dynamic range of the chirp-mass distribution. A limited number
13
FIG. 5. The variation of the effective spin χeff with the total mass of the binary M. Due to higher
spin of GW151226 there is a support for positive spin for low-masses. For heavier masses the spins
are small. The contours cover 90% confidence interval with contours ranging from 95% to 5%
confidence.
of Gaussian will probably not be sufficient to model a density that changes by few order of
magnitude over the chirp-mass range. Alternatively, this analysis can be broken into two
on the chirp-mass range to model. We did not introduce red-shift as the parameters, but,
plan to include that in future work. As red-shift is fully degenerate with the chirp-mass, we
expect, VAAMANA’s accurate modeling of the chirp-mass will positively impact the mod-
eling of the red-shift distribution. Finally, we stress to use the chirp-mass and mass-ratio as
the population parameters instead of the component masses, as the measured chirp-mass is
significantly more accurate and thus preserves information provided by the GW.
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